Introduction {#Sec1}
============

Neutrino oscillations, as discovered by the Super-Kamiokande experiment in 1998 \[[@CR1]\] and subsequently confirmed by a plethora of results \[[@CR2]\], imply that at least two neutrinos have a non-zero mass. This cannot be explained in the Standard Model (SM) and calls for an extension of this framework. One of the simplest possibilities is the addition of new fermionic gauge-singlet states that play the role of right-handed neutrinos, leading to the type-I seesaw mechanism and its variants \[[@CR3]--[@CR18]\]. Amongst the various seesaw realizations, one of particular interest is the inverse seesaw model (ISS) \[[@CR10]--[@CR12]\]. It was proved in \[[@CR19]\] that, in any model that only adds fermionic gauge singlets to the SM field content with no cancellation between the contributions to the light neutrinos masses from different orders of the seesaw expansion or different radiative orders, requiring the light neutrinos to be massless is equivalent to requiring lepton number to be conserved. The inverse seesaw verifies all these conditions and we indeed observe that in the lepton-number-conserving limit of this model, light neutrinos are massless, independently from the seesaw scale or the size of the neutrino Yukawa coupling. In this renormalizable, testable, low-scale seesaw model, light neutrino masses are suppressed not by a small-active sterile mixing as in the high-scale type I seesaw. Instead, this model relies on an approximately conserved lepton number in agreement with the theorem \[[@CR19]\], thus allowing to generate the light neutrino masses while having large neutrino Yukawa couplings and heavy sterile neutrinos at the TeV scale, opening the exciting possibility of detecting the latter in current or future planned high-energy colliders, see for example Refs. \[[@CR20]--[@CR22]\] for reviews. It is particularly worth noting that this model provides a prototype of fermionic low-scale seesaw, making our results applicable to a wide range of models.

As the neutrino Yukawa couplings in the ISS can be large, the properties of the Higgs boson, the remnant of the electroweak symmetry-breaking mechanism \[[@CR23]--[@CR26]\] generating the masses of the other fundamental particles in the SM and that was discovered at the Large Hadron Collider (LHC) in 2012 \[[@CR27], [@CR28]\], can be sizeably affected. This opens new search strategies which rely on the Higgs boson, for instance Higgs decays \[[@CR29]--[@CR32]\], searches in Higgs production at lepton colliders \[[@CR33], [@CR34]\], or lepton flavour violating Higgs decays \[[@CR35], [@CR36]\]. We also investigated recently the heavy neutrino impact on the triple Higgs coupling \[[@CR37], [@CR38]\].

Based on the idea that *t*-channel fermions coupled to a Higgs boson can give sizeable contributions to a cross-section, see for example the case of $\documentclass[12pt]{minimal}
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                \begin{document}$$b\bar{b}\rightarrow W^+_{} W^-_{} H$$\end{document}$ at the LHC \[[@CR39]\], we investigate in this paper, for the first time, the impact of heavy neutrinos on the production of a Higgs boson in association with a pair of *W* bosons at a lepton collider, $\documentclass[12pt]{minimal}
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                \begin{document}$$e^+_{} e^-_{} \rightarrow W^+_{} W^-_{} H$$\end{document}$. This process has been studied in the SM and has been found to have good detection prospects \[[@CR40]\]. We describe the ISS model and discuss the relevant theoretical and experimental constraints. We present our calculational setup before a numerical analysis of our results is carried out. Performing a scan over the relevant parameters of the model, we find deviations up to $\documentclass[12pt]{minimal}
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                \begin{document}$$-38\%$$\end{document}$ on the total cross-section at 3 TeV, that can be enhanced to $\documentclass[12pt]{minimal}
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                \begin{document}$$-66\%$$\end{document}$ after applying a reasonable set of cuts that leaves an ISS cross-section of 0.14 fb. We also provide a simplified formula which reproduces our results within one percent.

The model and its constraints {#Sec2}
=============================

The ISS model \[[@CR10]--[@CR12]\] is an appealing low-scale seesaw model that extends the SM with fermionic gauge singlets. We consider here a realisation where each generation is supplemented with a pair of these right-handed gauge singlets, $\documentclass[12pt]{minimal}
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                \begin{document}$$\nu _R^{}$$\end{document}$ and *X*, which have opposite lepton number. This provides a realistic realisation of seesaw models close to the electroweak scale that can reproduce low-energy neutrino masses and mixing while being in agreement with all experimental bounds. The additional mass terms to the SM Lagrangian are$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathscr {L}_\mathrm {ISS} = - Y^{ij}_\nu \overline{L_{i}} \widetilde{\varPhi } \nu _{Rj} - M_R^{ij} \overline{\nu _{Ri}^C} X_{Rj} - \frac{1}{2} \mu _{X}^{ij} \overline{X_{i}^C} X_{j} {+} \mathrm { h.c.},\nonumber \\ \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$\varPhi $$\end{document}$ is the SM Higgs field and $\documentclass[12pt]{minimal}
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                \begin{document}$${\widetilde{\varPhi }}=\imath \sigma _2 \varPhi ^*$$\end{document}$, $\documentclass[12pt]{minimal}
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                \begin{document}$$M_R$$\end{document}$ are complex matrices and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu _{X}$$\end{document}$ is a complex symmetric matrix. A major characteristic of the ISS is the presence of a naturally small lepton-number-breaking parameter $\documentclass[12pt]{minimal}
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                \begin{document}$$\mu _{X}$$\end{document}$ to which the light neutrino masses are proportional. Indeed after block-diagonalising the full neutrino mass matrix, the $\documentclass[12pt]{minimal}
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                \begin{document}$$3\times 3$$\end{document}$ light neutrino mass matrix is given by \[[@CR41]\]$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} M_{\mathrm {light}} \simeq m_D M_R^{T-1} \mu _X M_R^{-1} m_D^T, \end{aligned}$$\end{document}$$at leading order in the seesaw expansion parameter $\documentclass[12pt]{minimal}
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                \begin{document}$$m_D M_R^{-1}$$\end{document}$, where $\documentclass[12pt]{minimal}
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                \begin{document}$$m_D=Y_\nu \langle \varPhi \rangle $$\end{document}$. This decouples the light neutrino mass generation from the mixing between active and sterile neutrinos (that is proportional to $\documentclass[12pt]{minimal}
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                \begin{document}$$m_D M_R^{-1}$$\end{document}$) and allows for large Yukawa couplings even when the seesaw scale is close to the electroweak scale. It is worth noting that in this model, the heavy neutrinos form pseudo-Dirac pairs where the splitting is controlled by $\documentclass[12pt]{minimal}
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                \begin{document}$$\mu _X$$\end{document}$ as can be seen from diagonalizing the 1-generation neutrino mass matrix, which gives$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} m_{N_1,N_2}=\pm \sqrt{M_R^2+m_D^2} + \frac{M_R^2 \mu _X}{2(M_R^2+m_D^2)}, \end{aligned}$$\end{document}$$in the seesaw limit $\documentclass[12pt]{minimal}
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                \begin{document}$$\mu _X \ll m_D, M_R$$\end{document}$ \[[@CR36]\].

Since one of the main motivations of our model is to explain neutrino oscillations, we reproduce low-energy data from the global fit NuFIT 3.0 \[[@CR42]\] by using the $\documentclass[12pt]{minimal}
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                \begin{document}$$\mu _X$$\end{document}$-parameterisation adapted to include next-order terms in the seesaw expansion that are relevant for large active-sterile mixing \[[@CR38]\]$$\documentclass[12pt]{minimal}
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                \begin{document}$$m_\nu $$\end{document}$ is the diagonal light neutrino mass matrix and $\documentclass[12pt]{minimal}
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                \begin{document}$$U_{\mathrm{PMNS}}$$\end{document}$ is the unitary Pontecorvo-Maki-Nakagawa-Sakata (PMNS) \[[@CR43], [@CR44]\] that diagonalises $\documentclass[12pt]{minimal}
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                \begin{document}$$\delta =0$$\end{document}$ for the Dirac CP phase in $\documentclass[12pt]{minimal}
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                \begin{document}$$U_{\mathrm{PMNS}}$$\end{document}$ for simplicity. We fix the lightest neutrino mass to 0.01 eV, in agreement with the Planck results \[[@CR45]\]. The strongest experimental constraints for this study come from a global fit \[[@CR46]\] to electroweak precision observables (EWPO), tests of CKM unitarity and tests of lepton universality. Since we choose all mass matrices and couplings in the neutrino sector to be real and consider diagonal Yukawa couplings $\documentclass[12pt]{minimal}
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                \begin{document}$$Y_\nu $$\end{document}$ in our study, we do not expect electric dipole moment measurements and lepton-flavour-violating processes to provide relevant constraints in this scenario. Finally, we require that the Yukawa couplings $\documentclass[12pt]{minimal}
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                \begin{document}$$Y_\nu $$\end{document}$ remain perturbative, namely$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \frac{|Y_{ij}|^2}{4 \pi } < 1.5\,. \end{aligned}$$\end{document}$$

Calculational details {#Sec3}
=====================

The cross-section is calculated at leading order (LO), both in the SM and in the ISS. Next-to-leading order electroweak corrections have been calculated in the SM \[[@CR47]\] and are found to be negligible for center-of-mass (c.m.) energies above 600 GeV and of the order of $\documentclass[12pt]{minimal}
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                \begin{document}$$\sqrt{s}=500$$\end{document}$ GeV, that would correspond to the lowest International Linear Collider c.m. energy that would be relevant for our process \[[@CR48]\]. Given the size of the ISS deviation we obtain (of the order of $\documentclass[12pt]{minimal}
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                \begin{document}$$-38\%$$\end{document}$ at higher c.m. energies, see later), we will not take these electroweak corrections into account in our analysis.

The charged leptons are taken massless and their coupling to the Higgs boson is neglected. The calculation is done in the Feynman-'t Hooft gauge. The Feynman diagrams at LO include *s*--channel exchanges of a *Z* boson or a photon, as well as *t*--channel diagrams involving the neutrinos for which a generic selection is displayed in Fig. [1](#Fig1){ref-type="fig"}. The remaining *t*--channel diagrams are obtained with a flipping of the *W* and charged Goldstone boson contributions from the $\documentclass[12pt]{minimal}
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                \begin{document}$$W^+_{}$$\end{document}$ line. We have used our own ISS model file developed for the packages FeynArts 3.7 and FormCalc 7.5 \[[@CR49], [@CR50]\] to generate a Fortran code, and the numerical integration has been performed with BASES 5.1 \[[@CR51]\] in order to obtain a selection of kinematic distributions.Fig. 1Generic Feynman diagrams representing the ISS neutrino contributions to $\documentclass[12pt]{minimal}
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                \begin{document}$$e^+_{}e^-_{}\rightarrow W^+_{} W^-_{} H$$\end{document}$ in the Feynman-'t Hooft gauge. The indices *i*, *j* run from 1 to 9. Mirror diagrams are obtained by flipping all the electric charges

Similar to the SM calculation, the interference terms are significant and destructive. The dominant contribution to the ISS amplitude comes from the first two diagrams in Fig. [1](#Fig1){ref-type="fig"} with heavy neutrinos and which go as $\documentclass[12pt]{minimal}
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                \begin{document}$$|Y_\nu |^2 v^2/M_R^2 (a+b v^2/M_R^2)$$\end{document}$, and from the third diagrams with one heavy neutrino and one light neutrino in the *t*--channel which goes as $\documentclass[12pt]{minimal}
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                \begin{document}$$|Y_\nu |^2 v^2/M_R^2$$\end{document}$, in terms of the seesaw parameters. In order to enhance the cross-section we have also performed a calculation with polarised beams. More specifically, we have chosen, based on the Compact Linear Collider (CLIC) baseline \[[@CR52]\], an unpolarised positron beam, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$P_{e^+_{}}^{} = 0$$\end{document}$, and a polarised electron beam with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$P_{e^-_{}}^{}=-80\%$$\end{document}$. If we define $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma _{LR(RL)}^{}$$\end{document}$ as the cross-section for a completely polarised left-handed (right-handed) positron with $\documentclass[12pt]{minimal}
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                \begin{document}$$P_{e^+_{}}^{}=+100\%(-100\%)$$\end{document}$, the polarised cross-section for arbitrary polarisation fractions $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \sigma _{\mathrm{pol}}^{} = \frac{1}{4}\Big [&(1-P_{e^+_{}}^{})(1+P_{e^-_{}}^{}) \sigma _{LR}^{} + (1+P_{e^+_{}}^{})\nonumber \\ {}&\left. (1-P_{e^-_{}}^{})\sigma _{RL}^{}\right] , \end{aligned}$$\end{document}$$since the LL and RR cross-sections are identically zero in our process.

Numerical results {#Sec4}
=================
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                \begin{document}$$G_\mu ^{}$$\end{document}$ scheme (see e.g. Ref. \[[@CR54]\], and Ref. \[[@CR55]\] in the context of neutrino mass models) and the input parameters are the *Z* mass $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} M_W^{}&= 80.385~\text {GeV}\,,\,\, M_Z^{} = 91.1876~\text {GeV}\,,\nonumber \\ M_H^{}&= 125~\text {GeV}\,,\,\, G_F^{} = 1.16637\times 10^{-5}_{}~\text {GeV}^{-2}_{}\,. \end{aligned}$$\end{document}$$Based on our previous analysis on the triple Higgs coupling \[[@CR38]\], we use the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu _X^{}$$\end{document}$-parameterisation with a degenerate Yukawa texture, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Y_\nu ^{} = |Y_\nu ^{}| I_3^{}$$\end{document}$, with hierarchical heavy neutrinos, $\documentclass[12pt]{minimal}
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We present in Fig. [2](#Fig2){ref-type="fig"} the variation of the total production cross-section $\documentclass[12pt]{minimal}
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The gain by going from an unpolarised cross-section to the polarised electron beam is illustrated by the factor-of-two difference between the red curves (unpolarised) and the blue curves (polarised). The behaviour of the ISS contribution in the polarized cross-section is the same as that of the unpolarized one, meaning that the use of a polarized beam will lead to more events thus increasing the sensitivity to the large deviations coming from the ISS. The maximum of the cross-section is obtained at c.m. energies around 500 GeV, for which the ratio of the ISS cross-section with respect to the SM cross-section, shown in the insert, is around 0.95. The negative contribution from the ISS correction increases with higher c.m. energies, reaching already $\documentclass[12pt]{minimal}
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We have also considered kinematic distributions, in particular the energy and pseudo-rapidity distributions of the final-state particles. They are presented in Fig. [4](#Fig4){ref-type="fig"} in the benchmark scenario we have already chosen for Fig. [2](#Fig2){ref-type="fig"} using Eq. ([7](#Equ7){ref-type=""}). The solid curves represent the SM predictions while the dashed curves stand for the ISS distributions. The $\documentclass[12pt]{minimal}
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Summary and outlook {#Sec5}
===================

In this article we have investigated the effects of heavy neutrinos on the production of a pair of *W* bosons in association with a Higgs boson at a lepton collider, $\documentclass[12pt]{minimal}
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